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Abstract 

(N 

A graph T is G-symmctric if T admits G as a group of automorphisms acting transitively 
C^". on the set of vertices and the set of arcs of T, where an arc is an ordered pair of adjacent 

vertices. In the case when G is imprimitive on V(r), namely when V(r) admits a nontrivial 
G-invariant partition B, the quotient graph T/g of T with respect to B is always G-symmetric 
' and sometimes even (G, 2)-arc transitive. (A G-symmetric graph is (G, 2)-arc transitive if G 

is transitive on the set of oriented paths of length two.) In this paper we obtain necessary 
| conditions for Tg to be (G, 2)-arc transitive (regardless of whether T is (G, 2)-arc transitive) 

in the case when v — k is an odd prime p, where v is the block size of B and k is the number of 
vertices in a block having neighbours in a fixed adjacent block. These conditions are given in 
terms of v, k and two other parameters with respect to (T, B) together with a certain 2-point 
transitive block design induced by (T,B). We prove further that if p = 3 or 5 then these 
necessary conditions are essential sufficient for Tg to be (G, 2)-arc transitive. 

Key words: Symmetric graph; arc-transitive graph; 2-arc transitive graph; 3-arc graph; 
transitive block design 
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O ! 1 Introduction 

7— I ! 

A graph T = (V(T), E(T)) is G-symmetric if T admits G as a group of automorphisms such that 
G is transitive on V(T) and on the set of arcs of T, where an arc is an ordered pair of adjacent 
vertices. If in addition T admits a nontrivial G-invariant partition, that is, a partition B of V(r) 
such that 1 < \B\ < \V{T)\ and B 9 := {a 9 : a G B} G B for any B G B and g G G, then T is 
called an imprimitive G-symmetric graph. In this case the quotient graph T B of T with respect 
to B is defined to have vertex set B such that B,C G B are adjacent if and only if there exists 
at least one edge of T between B and C. It is readily seen that T B is G-symmetric under the 
induced action of G on B. We assume that T B contains at least one edge, so that each block of 
B is an independent set of F. Denote by F(a) the neighbourhood of a G V(r) in T, and define 
T(B) = U aeB F(a) for B G B. For blocks B,C G adjacent in T B , let T[B, C] be the bipartite 
subgraph of T induced by (B n r(C)) U (Cfl F(B)). Since Yq is G-symmetric, up to isomorphism 
T[B,C) is independent of the choice of (B, C). Define T B (a) := {C G B : T(a) n C / 0} and 
T B (B) := {G G B : B and G are adjacent in Tg}, the latter being the neighborhood of B in T B . 
Define 

u:=|J3|, k := \B nT(C)\, r:=\T B (a)\, b:=val(T B ) 

to be the block size of B, the size of each part of the bipartition of T[B, G], the number of blocks 
containing at least one neighbour of a given vertex, and the valency of T B , respectively. These 
parameters depend on (r, B) but are independent of a G V(r) and adjacent B,C G B. 
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In [6] Gardiner and Praeger introduced a geometrical approach to imprimitive symmetric 
triples (r, G, B) which involves Tg, T[B,C] and an incidence structure T>(B) with point set B 
and block set Tq(B). A 'point' a £ B and a 'block' C £ Tg(B) are incident in T>(B) if and only 
if a € r(C); we call (a, C) a flag of V{B) and write alC. It is clear that V(B) = (B, T B (B), I) 
is a l-(v,k,r) design [6] with b blocks which admits Gb as a group of automorphisms acting 
transitively on its points, blocks and flags, where Gb is the setwise stabilizer of B in G. Note 
that vr = bk. Define T>(B) := (B, Tb(B), I) to be the complementary structure [T2] of T){B) 
for which alC if and only if a £" r(G). Then T>(B) is — k,b — r) design with b blocks. 

Up to isomorphism T>(B) and T>(B) are independent of B. The cardinality of {D £ : 
T(D) (1 B = T(C) PI -B}, denoted by m, is independent of the choice of adjacent B,C £ B and is 
called the multiplicity of T>(B). 

An s-arc of T is a sequence (ao, ai, • • • , a s ) of s + 1 vertices of T such that ai,ai + \ are 
adjacent for i = 0, . . . , s — 1 and aj_i 7^ a^+i for i = 1, . . . , s — 1. If T admits G as a group of 
automorphisms such that G is transitive on V^(r) and on the set of s-arcs of T, then T is called 
(G,s)-arc transitive [2]. A (G, l)-arc transitive graph is precisely a G-symmetric graph, and a 
(G, s)-arc transitive graph is (G, s — l)-arc transitive. 

This paper was motivated by the following questions asked in [7] : When does a quotient of a 
symmetric graph admit a natural 2-arc transitive group action? If there is such a quotient, what 
information does this give us about the original graph? These questions attracted considerable 
attention [TJ [HJ [TOj [Til CC3 EH EZ] in recent years. Nevertheless, all existing works focus on the 
case where v — k > 1 or k > 1 is small. In the present paper we consider the more general case 
where k = v — p for a prime p > 3. In this case we obtain necessary conditions for Tq to be 
(G, 2)-arc transitive, regardless of whether V is (G, 2)-arc transitive. We prove further that when 
p = 3 or 5 such necessary conditions are essentially sufficient for Tq to be (G, 2)-arc transitive. 

Let us introduce a few definitions and notations before stating our main result. Define 
G(B) = id € Gb '■ ct g = a for every a € B} to be the pointwise stabilizer of B in G, and 
G[b] = {9 G Gb : C 9 = C for every G € the pointwise stabilizer of Tq{B) in Gb- As 

usual, by G^ we mean the group Gb/G^b) with its action restricted to B, and by G B B ^ we mean 
Gb/G[ B j with its action restricted to rg(l?). Define G( B ) = {g £ G : -B s = i3 for every S £ £?}. 

Given a graph £ and a self-paired subset A of the set of 3-arcs of E, the 3-arc graph S(E, A) 
is defined [TO] to have arcs of E as its vertices such that two such arcs (a, r), (a' , r') are adjacent 
if and only if (r, <r, <r', r') £ A. We denote by n • E the graph which is n vertex-disjoint copies 
of E, and by C n the cycle of length n. We may view the complete graph K n on n vertices as a 
degenerate design of block size two. 

As shown in [12], when Tg is (G, 2)-arc transitive, the dual design V*(B) of V{B) plays a 
significant role in the study of T, where D*(B) is obtained from T>(B) by interchanging the roles 
of points and blocks but retaining the incidence relation. Since in this case Gb is 2-transitive 
on Yb{B), as observed in [12], 

A := |r(G) n T(D) n b\ (i) 

is independent of the choice of distinct G, D £ Tq(B). Denote by T>*{B) the complementary 
incidence structure of T>*(B), which is defined to have the same 'point' set Tq(B) as V*(B) such 
that a 'point' G £ Tjg(B) is incident with a 'block' a £ B if and only if G ^ As observed 

in [121 Theorem 3.2], if Tg is (G, 2)-arc transitive, then either A = or T>*{B) is a 2-(6, r, A) 
design with v blocks, and either A := v — 2k + A = or D*(B) is a 2-(6, b — r, X) design with 
u blocks. Moreover, each of T>*{B) and T>*{B) admits [12] Gb as a group of automorphisms 
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Case 


V*(B) 


(v,b,r,X) 


Conditions 


(a) 




(p + l,p + 1,1,0) 




(b) 




(2p,2,l,0) 




(c) 


PG n -i(n,q) 


( q n+1 -l q n+1 -l n n n-l\ 
y L i - 1 - 4 -*- y 


a'"-l ^ r, 

P= > 2 

g a prime power 
g n -l • 

q _l is a prime 


(d) 


2-(ll,5,2) 


(11,11,6,3) 


p = 5 


(e) 




(pa, a, a — l,p(a — 2)) 


a > 3 








a > 2,s > 1 








a a divisor of ps + 1 


(f) 




(pa,ps + 1, (a±afeza,p( a _ 2 ) + K^ti) 


s a divisor of ps ~ a+1 

a 

2=± < s < a-Kp-2 

p—a — — — r 



Table 1: Theorem [TJ 



acting 2-transitively on its point set and transitively on its block set. The first main result in 
this paper, Theorem [1] below, gives the parameters of D*(B) and information about T, T>*(B) 
or/and the action of Gb on Yq{B) in the case when k = v—p for a prime p > 3. Our proof of this 
result relies on the classification of finite 2-transitive groups (see e.g. |5]) and that of 2-transitive 
symmetric designs [9] (which in turn rely on the classification of finite simple groups). Without 
loss of generality we may assume that is connected. 

Theorem 1 Let T be a G- symmetric graph with V(T) admitting a nontrivial G-invariant par- 
tition B such that k = v — p > 1 and is connected with valency b > 2, where p > 3 is a prime 
and G < Aut(T). Suppose Tg is (G,2)-arc transitive. Then one of (a)-(f) in Tabled occurs, 
and in (c)-(f) the parameters of the 2-(b,r,X) design V*{B) with v blocks are given in the third 
column of the table. 

Moreover, in (a), T = (\V(T)\/2) ■ K2, G 1 ^ = G B B ^ is 2-transitive of degree p+ 1, and any 
connected (p + l)-valent (G,2)-arc transitive graph can occur as Tg in (a). 
In (b), r ^ n ■ F[B, C] where n = \V{T)\/2p, F B C n , and G/G [B) < D 2n . 

In (c), Gg = G B B ^ is isomorphic to a 2-transitive subgroup of PFL(n + l,q), and G is 
faithful on B. 

In (d), G| ^ G b b(B) ^ PSL(2, 11). 

In (e), V(T) admits a G-invariant partition V with block size p which is a refinement of 
B such that T-p = H(r#,A) for a self-paired G-orbit A on the set of 3-arcs o/Tg. Moreover, 
B = {B : B G B} (where B is the set of blocks of V contained in B) is a G-invariant partition 
ofV such that (T-p)g = and the parameters with respect to (T-p,B) are given by vg = bg = a 
and kg = rg = a — 1. 

In (f), if s = 1,2, then all possibilities are given in Tables \ME respectively, where G B B ^ is 
isomorphic to the group or a 2-transitive subgroup of the group in the first column (with natural 
actions). 

Remark 1 (1) In (e), denote by s the valency of T-p[B,C] for adjacent B,C S B, and by t the 
number of blocks of V contained in C which contain at least one neighbour of a fixed vertex 
in B n r(C). Since r* = a — 1, the parameters with respect to V satisfy b-p = [a — l)s and 
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B 


D*(J3) 


(v,b,r, A) 


Conditions 


P i 1 


2?* (5) ^ 




2 


< AGL(n, 2) 






/ 2 m (2 n - 1) \ 

2« 2 n ~ m 

^(2 m - l)(2 n - 2 n " m - 1)J 




1 < m < n — 1 

p = 2 n - 1 

a Mersenne prime 

r* = (2™ - l)(2 m - 1) 


< PGL(2,p) 






a — 1 a divisor of p — 1 


Sp 4 (2) 


2-(6,3,2) 




p = 5 




2-(12,6,5) 




p= 11 

V*(B) is a Hadamard 
3-subdesign of the 
Witt design Wyi 
(3-(12,6,2) design) 



Table 2: Possibilities when s = 1 in case (f). 



B 


V*(B) 


(v,b, r, A) 


Conditions 


< AGL(n, 3) 




/ (3™ -1)3^ \ 
2 

3 n 

3 n ~ j (3 j - 1) 

(3 n -l)(3*-2) 3™-^-l . 
\ 2 1 2 / 


n > 3 odd 

^ 2 

1 < i < n - 1 


< PGL(n,2) 




/ a(2 n " 1 - 1) \ 
2 n - 1 

(2»-l)(o-l) 

W- 1 -l)(a-2) + 2^a/ 


a an odd divisor 
of 2p + 1 

o ^ ^ 2p+l 

3 < a < 

p = T 1 ' 1 - 1 

a Mersenne prime 

(n — 1 > 3 a prime) 


A 7 


V*(B) ^ PG(3,2) 


(35,15,12,22) 





Table 3: Possibilities when s = 2 in case (f). 
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rp = (a — l)t. Since vprp = bpkp and vp = p, we have pt = kps. Since l<t<s<a — 1, 
1 < kp < p and p is a prime, we have either (i) kp = p and s = t, or (ii) s = pc and i = fc-pc for 
some integer c with 1 < c < |_^r"J ■ 

Since v — 2k + A = in (e), examples of (T, G, B) in this case can be constructed using [T2"| 
Construction 3.8] by first lifting a (G, 2)-arc transitive graph to a G-symmetric 3-arc graph and 
then lifting the latter to a G-symmetric graph V by the standard covering graph construction 

m- 

(2) The condition (v, b, r, A) = (pa, a, a — l,p(o — 2)) in (e) is sufficient for r# to be (G, 2)- 
arc transitive. In fact, in this case for any B G £> and a £ B, there exists exactly one block 
A € which contains no neighbour of a. Thus, for any distinct C,D G Tg(B) \ {A}, there 
exist /3 G G and 7 G D which are adjacent to in r. Since T is G-symmetric, there exists g G G a 
such that f3 9 = 7. So (B,C) 9 = (B,D). Since g fixes a, it must fix the unique block of Tq(B) 
having no neighbour of a, that is, A 9 = A. It follows that Ga,b is transitive on Tig(B) \ {A} 
and hence is (G, 2)-arc transitive. 

(3) In (f), it seems challenging to determine Gg B ^ and T>*(B) when s is not specified. 
We appreciate Yuqing Chen for constructing the following example for the third row of Table 

[2j Denote F = GF(2") and let H be a subgroup of the additive group E = (GF(2 n ), +) of order 
2 n ~ m (where 2 n — 1 is not necessarily a Mersenne prime). Then E x F* acts on £ as a 2- 
transitive subgroup of AGL(n, 2). The incidence structure whose point set is E and blocks are 
the complements in E of the E x F*-orbits of H is a 2-(2 n , 2 n - 2 n ~ m , (2 m - l)(2 n - 2 n ~ m - 1)) 
design admitting E x: F* as a 2-point transitive group of automorphisms. 

In the case when k = v — 3 > 1 01 k = v — 5 > 1, Theorem Q] enables us to obtain necessary 
and sufficient conditions for Tq to be (G, 2)-arc transitive. This will be given in Theorem [3] and 
Corollary H] in Section [31 respectively. 

We will use standard notation and terminology on block designs [U H] and permutation 
groups [5]. The set of arcs of a graph £ is denoted by Arc(S). 



2 Proof of Theorem [T] 

Proof of Theorem [1] Suppose is (G, 2)-arc transitive. Then Gb is 2-transitive on T^(B) 
and hence A defined in ([TJ is independent of the choice of distinct G, D G 1^(1?). It is known 
[T21 Section 3] that either A = or V*(B) is a 2-(6,r, A) design of v 'blocks' with G B doubly 
transitive on its points and transitive on its blocks and flags. Since k = v — p > 1, we have 

vr = b(v — p) (2) 

and by [121 Corollary 3.3], 

A(6-l) = (v-p)(r-l). (3) 

Consider the case A = first. In this case we have r = lasu — p>l. Thus v = b(v — p) 
and so v = p + 5^-. Since v is an integer and p is a prime, we have b = p + 1 or 2, and 
therefore (v, b, r, A) = (p + l,p + 1, 1, 0) or (2p, 2, 1, 0). In the former case, we have k = v — p = 1 
and r = (|y(r)|/2) • K2- Moreover, the actions of Gb on B and Tjg(B) are permutationally 
equivalent. Thus G^b) = G^b] and G^ = G B B ^ is 2-transitive of degree p + 1. On the 
other hand, for any connected (p + l)-valent (G, 2)-arc transitive graph S, define T to be the 
graph with vertex set Arc(S) and edges joining (a, r) to (r, cr) for all (cr, r) G Arc(S). Then 
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r is G-symmetric admitting B = {B(a) : a € V(S)} (where B(a) = {(a, r) : r € E(cr)}) as 
a G-invariant partition such that (v, b, r, A) = (p+ 1,1,0) and Tg = S. (This simple 

construction was used in Example 2.4] for trivalent E. It is a very special case of the flag 
graph construction [J5J Theorem 4.3].) In the case where (v, b, r, A) = (2p, 2, 1,0), r[J3,C] is a 
bipartite G^^-edge transitive graph withp vertices in each part of its bipartition, T = n-T[B, C] 
where n = |V(r)[/2p, T B ^ C n , and therefore G/G {B) < D 2n - 

Assume A > 1 from now on. Denote by r* the replication number of D*(B), that is, the 
number of 'blocks' containing a fixed 'point'. We distinguish between the following two cases. 

Case 1: v is not a multiple of p. 

In this case, v and v — p are coprime. Thus, by (f2"|), v divides b and v — p divides r. On 
the other hand, as noticed in |12j . by the well-known Fisher's inequality we have b < v and 



r < v — p. Thus v = b and r = v — p = k. From ([3]) we then have A = — P ^" 1 P ^ = 

(y — 2p) + P ^_P ■ Note that v 7^ p + 1, for otherwise A = 0, which contradicts our assumption 
A > 1. Since A is an integer, v — 1 is a divisor of p(p — 1). Since p is a prime and v — 1 > 
p + 1, it follows that p is a divisor of v — 1. Set a = Then a > 2 is a divisor of p — 1 

and (f , b, r, A) = (pa + l,pa + l,p(a — 1) + l,p(a — 2) + ) . Hence V*(B) is a 2-transitive 



symmetric 2-^pa + l,p(a — 1) + l,p(a — 2) + p+a a 1 j design. Thus, by the classification of 2- 

transitive symmetric designs [9] (see also [TJ Theorem XII-6.22]), D*(B) or T>*(B) is isomorphic 
to one of the following: 

• PG n _i(n, q) (where n > 2 and q is a prime power); 

• the unique 2- (11, 5, 2) design; 

• the unique symmetric 2-(176, 50, 14) design; 

• the unique 2-(2 2 "\ 2 m " 1 (2 m - l),2 m - 1 (2 m - 1 - 1)) design (where m > 2). 

Since PG„_i(n,g) has - q _ 1 points and block size q _\ > while T>*[B) has pa + 1 'points' and 
block size p(a — 1) + 1, by comparing these parameters one can show that V*(B) ^= PG n _i(n, q). 
In the same fashion we can see that none of the 2-transitive symmetric designs above can occur 
as V*(B). On the other hand, since p is a prime, T>*{B) cannot be isomorphic to the unique 
symmetric 2-(176, 50, 14) design or the unique 2-(2 2m , 2 m ~ 1 (2 m - l),2 m - 1 (2 m - 1 - 1)) design. 
We are left with the case where T>*(B) = PG„_i(n, q) or D*(B) is isomorphic to the unique 
2-(ll,5,2) design. 

It is easy to verify that D*(B) = PG„_i(n,g) only if p = q ~^ and a = q. In this case, 

^r B (_B) . g igQjjjQjvpjjjg to a 2-transitive subgroup of PrL(n + 1, q) since < Aut(D*(B)) = 

PrL(n + 1,^). Moreover, we have Gg = G^^ since the actions of a 2-transitive subgroup of 
PrL(n + 1, q) on the point set and the block set of PG n _i(n, q) are permutationally equivalent. 
Furthermore, if g G G(B), then g € Gm) since V*(B) is self-dual. Since this holds for every 
B € £>, g fixes every vertex of V. Since G < Aut(r) is faithful on V(r), we conclude that g = 1 
and so G is faithful on B. Therefore, (c) occurs. 

T>*(B) is isomorphic to the unique 2-(ll,5, 2) design if and only if p = 5 and a = 2. In 
this case, since the automorphism group of this symmetric 2-(ll,5, 2) design is PSL(2,11) (see 
e.g. [U Theorem IV. 7.14]), Gg is isomorphic to a 2-transitive subgroup of PSL(2,11). Since 
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\G^\ > 11-10 but no proper subgroup of PSL(2, 11) has order greater than 60, we have G B = 



(fB(B) ^ p SL ( 2 , 11) and (d) occurs. 



Case 2: v = pa is a multiple of p, where a > 2 is an integer. 

In this case ([2]) becomes ar = b(a — 1). Thus a divides b and a — 1 divides r. On the other 
hand, Fisher's inequality yields b < pa and r < p(a — 1). So 6 = at and r = (a — l)i for some 
integer t between 1 and p. By ©, A = p(°-i)«°-i)*-i) = p(a - 2) + ^^r- 

Subcase 2.1: t = 1. Then (u,6, r, A) = (pa, a, a — l,p(a — 2)), where a > 3 as A > 1 by our 
assumption. Thus, by \12\ Eq.(3)], any two distinct 'blocks' of T)(B) intersect at A = v — 2k+X = 
'points'. That is, the 'blocks' B \ T(C) (C € Tq(B)) of T>(B) are pairwise disjoint and hence 
[E2 Theorem 3.7] applies. Following ^2\ Section 3], define V = U B eB{B \ T(C) : C € T B (B)}. 
Then V is a proper refinement of B. Denote B = {B \ T(C) G V : C € Tjg(B)}. Then 
B = {B : B € B} is a G-invariant partition of V . Denote by vg, kg, bg, rg the parameters with 
respect to (T-p,B). It can be verified (see [HI Theorem 3.7]) that (r^)^ = Tg, vg = v/p = a, 
kg = vg — 1 = a — 1, bg = b = a, r# = r = a — 1 and T>(B) has no repeated blocks. Thus, by 
[101 Theorem 1] (or [12\ Theorem 3.7]), T-p = H(rg,A) for some self-paired G-orbit A on the 
set of 3- arcs of Tq. Hence (e) occurs. 

Subcase 2.2: t > 2. In this case, since A is an integer, at — 1 is a divisor of p(t — 1). In 
particular, at — 1 < p(t — 1), which implies a < p — 1 and < t < p. Since at — 1 does 
not divide t — 1 and p is a prime, at — 1 must be a multiple of p, say, at — 1 = ps, so that 
p ^*_^ = ^1 and s divides t — 1. Since t = ps ^ 1 is an integer, a is a divisor of ps + 1. Therefore, 

(v , b, r, A) = (^pa,ps + 1, ^ ps+1 ^ a ~ 1 ^ ; p( Q _ 2) + ps ~" +1 ^ . Since A is an integer, s is a divisor of 

ps-a+i ^ so s is a divisor of a — 1. This together with < t = ps+1 implies ^— ^ < s < a — 1. 

a ° p— a — a ^ p—a — — 

Therefore, case (f) occurs. 

The rest of the proof is devoted to the case s = 1 in (f). In this case D*(B) is a 2- 

[p + 1, ^ p+1 ^ a " 1 ' > ,p(a — 2) + p design with pa 'blocks' such that each 'point' is contained 

in exactly r* = p(a — 1) 'blocks'. Moreover, T>*(B) admits Gb as a group of automorphisms 
acting 2-transitively on the set Tg(B) of p + 1 'points'. All 2-transitive groups are known 
(see e.g. Section 7.7]). First, since p + 1 ^ g 3 + 1, q 2 + 1 for any prime power q, G B B ^ 
cannot be a unitary, Suzuki or Ree group. Since r < p + 1, 5"p + i is r-transitive on p + 1 

points (in its natural action) but on the other hand T>*(B) has pa < ( ^ ^ ) blocks. Hence 



G?r B (B) ^ Sp+i. Similarly, as ^4 p +i is (p — l)-transitive in its natural action, G B B ^ ^ A p+ \ 

fp + l\ 

unless r = p— 1. In this exceptional case, T>*(B) has pa = I I blocks and so is isomorphic 



to the complementary design of the trivial design K p+ \. This gives the second row in Table El 
If G B B ^ is affine, then p + 1 = q n for some prime power q and integer n > 1, which 
occurs if and only if q = 2 and p = 2 n — 1 is a prime. In this case, n must be a prime 
and p = 2 n — 1 is a Mersenne prime, and G B B ^ is isomorphic to a 2-transitive subgroup 
of AGL(n, 2). Moreover, a = 2 m for some integer 1 < m < n — 1, and so (v,6, r, A, r*) = 
(2^(2™ - 1), 2 n ,2 n - 2 n " m , (2 m - l)(2 n - 2 n ~ m - 1), (2 n - l)(2 m - 1)). This gives the third row 
in Table [2j 

If G B B is projective, then p + 1 = q q Z\ f° r a prime power q and an integer n > 2. Thus 
2,p = q and G B B ^ is isomorphic to a 2-transitive subgroup of PGL(2,p). S ince Gj^ is 
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transitive on the p(p + l)(a — 1) flags of T>(B), p(p + l)(a — 1) is a divisor of PGL(2,p)| = 
(p — l)p(p + 1) and so a — 1 is a divisor of p — 1. Note that the second 2-transitive action of 
A 5 = PSL(2, 5) with degree 6 is covered here, and that of A 6 = PSL(2, 9) with degree 10, of 
Aj with degree 15, and of Ag = PSL(4, 2) with degree 15 cannot happen since 9 and 14 are not 
prime. Similarly, the second 2-transitive action of PSL(2,8) < Sp 6 (2) of degree 28 and that of 
PSL(2, 11) < Mn of degree 11 cannot happen. So we have the fourth row in Table [2j 

If G b b(B) is symplectic, then p + 1 = 2 m - 1 (2 m ± 1) for some m > 2. If p + 1 = 2 m ~ 1 (2 m + 1), 
then p = (2™" 1 + l)(2 m — 1), which cannot happen since p is a prime. Similarly, if p + 1 = 
2 m-i( 2 m _ 1 ) ) then p = ( 2 ™-i _ i)(2 m + 1), which occurs if and only if m = 2 and p = 5. In 

this exceptional case, we have G B B ^ = Sp 4 (2) (= Sq), a = 2 or 3, and hence (v, b, r, A, r*) = 
(10, 6, 3, 2, 5) or (15, 6, 4, 6, 10). The latter cannot happen since a 2-(6, 4, 6) design does not exist 
[TJ Table Al.l]. Thus T>*(B) is isomorphic to the unique 2-(6,3, 2) design. This gives the fifth 
row in Tabled 

By comparing the degree p + 1 of G B B<yB ^ with that of the ten sporadic 2-transitive groups 
[5j Section 7.7], one can verify that among such groups only the following may be isomorphic to 
G b b{B) : Mh (degree p + 1 = 12); M i2 (degree p + 1 = 12); M 24 (degree p + 1 = 24). 

In the case of M 24 , a is 2, 3, 4, 6, 8 or 12, and so (y,b,r,\,r*) = (46,24,12,11,23), 
(69,24,16,30,46), (92,24,18,51,69), (138,24,20,95,115), (184,24,21,140,161) or (276,24,22, 
231,253). It is well-known [TJ Chapter IV] that M24 is the automorphic group of the unique 
5-(24, 8, 1) design (the Witt design W24) which is also a 2-(24, 8, 77) design, and that up to 
isomorphism the natural action of M24 on the points of W24 is the only 2-transitive action of 
M 24 with degree 24. Hence G b b{B) £ M 24 . 

In the cases of Mn and M12, a is 2, 3, 4 or 6, and so (v,b, r, A, r*) = (22,12,6,5,11), 
(33, 12, 8, 14, 22), (44, 12, 9, 24, 33) or (66, 12, 10, 45, 55). Since by 01 Section II.1.3] a 2-(12, 8, 14) 
or 2-(12, 9, 24) design does not exist, the second and third possibilities can be eliminated. Thus, 
if G b b{B) ^ Mn or Mi 2 , then V*(B) is isomorphic to a 2-(12,6,5) or 2-(12, 10,45) design. It is 
well-known [Tj Chapter IV] that M12 is the automorphic group of the unique 5-(12, 6, 1) design 
(the Witt design W12) which is also a 2-(12, 6, 30) design. Since up to isomorphism the natural 
action of M12 on the points of W12 is the only 2-transitive action of M12 with degree 12, we 
have G B B ^ ^ M12. Mn is the automorphic group of a 3-(12,6,2) design (that is, a Hadamard 
3-subdesign of W12 [H Chapter IV]) which is also a 2-(12, 6, 5) design. Since up to isomorphism 
the natural action of Mn on the points of this design is the only 2-transitive action of Mn with 
degree 12, we conclude that if G B B ^ = Mn then V*(B) is isomorphic to this 2-(12, 6, 5) design. 
This gives the last row in Table [2j 

In the same fashion one can prove that, if s = 2 in (f), then we have possibilities in Table El 

□ 



3 p = 3, 5 

Theorem [1] provides a necessary condition for Tg to be (G, 2)-arc transitive when k = v — p 
for any prime p > 3. This condition may be sufficient for some special primes p, and in this 
section we prove that this is the case when p = 3 or 5. Moreover, when p = 3 we obtain more 
structural information about V (see Theorem [3] below). In particular, in the last case in Theorem 
[3] (which corresponds to case (f) in Theorem [T]), T can be constructed from Tg by using a simple 
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construction introduced in [12} Section 4.1]. Given a regular graph S with valency at least 2 and 
a self-paired subset A of the set of 3-arcs of S, define [12] ^(S, A) to be the graph with the set 
of 2-paths (paths of length 2) of S as vertex set such that two distinct "vertices" to~t' (= t'ctt) 
and rjer]' (= rj'erj) are adjacent if and only if they have a common edge (that is, a E {T],r]'} and 
e € {r, t'}) and moreover the two 3-arcs (which are reverses of each other) formed by "gluing" 
the common edge are in A. (As noted in [12], when A is the set of all 3-arcs of S, ^(S, A) is 
exactly the path graph i"3(S) introduced in [3] ) 

In the proof of Theorem [3] we will use the following Lemma. 

Lemma 2 Let T be a G-symmetric graph that admits a nontrivial G-invariant partition B such 
that k = v — i, where i > 1. Then the multiplicity m ofV(B) and T>{B) is a common divisor of 
r and b. 

Proof As in [12] , we may view T>(B) and T>(B) as hypergraphs with vertex set B and hyperedges 
r(C) (~1 B and B \ T(C), C € Tis(B), respectively, with each hyperedge repeated m times. It is 
easy to see that as hypergraphs they have valencies v&l(T>(B)) = r = b—^ and val("D(-B)) = b—r, 
respectively. Since m is a divisor of each of these valencies, it must be a common divisor of r 
and b. □ 

Denote by K n ^ n the complete bipartite graph with n vertices in each part of its bipartition, 
and by Si — S2 the graph obtained from a graph Si by deleting the edges of a spanning subgraph 
S2 of Si. Denote by Gb,c the subgroup of G fixing B and C setwise. A few statements in the 
following theorem are carried over directly from Theorem [II and we keep them there for the 
completeness of the result. 

Theorem 3 Let Y be a G-symmetric graph with V(T) admitting a nontrivial G-invariant par- 
tition B such that k = v — 3 > 1 and Tg is connected of valency b > 2, where G < Aut(r). Then 
Tg is (G,2)-arc transitive if and only if one of the following holds: 

(a) (v, b, r, A) = (4, 4, 1,0) and G% A 4 or S 4 ; 

(b) (v,b,r,X) = (6,2, 1,0) andT B ^C n , where n = \V(T)\/6; 

(c) (v,b,r,X) = (7,7,4,2) and G% PSL(3, 2); 

(d) (v, b, r, A) = (3a, a, a — 1, 3a — 6) for some integer a > 3; 

(e) (v, b, r, A) = (6, 4, 2, 1) and G T b b{B) A 4 or S 4 . 

Moreover, in (a) we have G^ 8 ^ = A4 or S4, T = (\V(T)\/2) ■ K2, and every connected J^-valent 

2-arc transitive graph can occur as Yq in (a). 

In (b), we have V = 3n • K2, n ■ Cq or n ■ and G/G^ < Din- 

In (c), TJ(B) is isomorphic to the Fano plane PG(2,2), G^^ = PSL(3, 2), G is faithful on 

B, and T[B,C] = 4 • K2, -^4,4 — 4 • K2 or K 4 ^. In the first case V is (G,2)-arc transitive, and 

in the last two cases T is connected of valency 12 and 16 respectively. 
In (d), the statements in (e) of Theorem^ hold with p = 3. 

In (e), we have V = T2(rg,A) for a self-paired G-orbit A on 3-arcs of Tg, and every 
connected 4-valent (G,2)-arc transitive graph can occur as Tg in (e). 
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Proof Necessity Suppose Tg is (G, 2)-arc transitive. Since p = 3, by Theorem [IJ (v, b, r, A) is 
one of the following: 

(a) (4, 4, 1,0); (b) (6, 2, 1, 0); (c) (7, 7, 4, 2) (for which n = q = 2); 

(d) (3a, a, a — 1, 3a — 6) (where a > 3); (e) (6, 4, 2, 1) (for which a = 2 and s = 1). 

In case (a), Gg ^ G^ b{B) is 2-transitive of degree 4, and in case (b), T[B,C] ^ 3 • K 2 ,C 6 
or 1^3,3 for adjacent B,C G 23. The properties for cases (a), (b) and (d) follow from Theorem [1] 
immediately. 

Case (c): In this case T>(B) is the biplane of order 2. In other words, T>(B) is isomorphic 
to the Fano plane PG(2, 2). Since G B induces a group of automorphisms of the self-dual D(B), 
we have Gg < Aut(V(B)) PSL(3,2) and G b b(B) < Aut(V(B)). Since G B is 2-transitive on 
rjg(B) of degree 7, we have \G^ B ^\ > 7 • 6 = 42. Since no proper subgroup of PSL(3,2) has 
order greater than 24, it follows that G b b{B) ^ PSL(3, 2). Since the actions of an automorphism 
group of PG(2,2) on the set of points and the set of lines are permutationally equivalent, we 
have Gf ^ PSL(3, 2). By Theorem [Q G is faithful on B. 

We now prove T[B, C] £ 2 ■ G 4 , G 8 , and if T[B, C] ^ 4 ■ K 2 then T is (G, 2)-arc transitive. 
Denote A n T(i?) = «2, W3, ^4} and B n r(.A) = {i>i, i>2, ^3, ^4} for a fixed ^4 G Tjg(B). 

Suppose T[A, B] = %C±. Without loss of generality we may assume that each of {ui,u 2 ,vx,v 2 } 
and {^3,^3,^3,^4} induces a copy of G4 in T. Since A = 2, \B fl r(A) n r(.F)| = 2 for each 
F G re(-B) \ {^4}- Since there are exactly six such blocks F, and since \B n r(.A)| = 4 and 
the multiplicity of T>(B) is one, each pair {v%,Vj} (1 < i < j < 4) is equal to exactly one 
5 n T(A) n r(F). So there exist C,D G r B (B) \ {,4} such that 5 n T(A) n r(C) = K,w 2 } 
and -B n r(.A) fl T(D) = {i>i, U3}. Since Tg is (G, 2)-arc transitive, there exists g G G such that 
(A, B, C) 9 = {A, B, D). Hence (BnT(A)nT(C)) 9 = BnF(A)r\T(D), that is, v 2 } 9 = tfe}- 
However, since g G Ga,b, it permutes the two cycles of T[A, B] and so {v\,v 2 } 9 = {v±,v 2 } or 
{^3,^4}, which is a contradiction. 

Suppose T[A, B] = C%. Without loss of generality we may assume that T[A, B] is the 
cycle (vi, Ui, v 2 , u 2 , U3, u%, u 4 , u 4 , v\). As above there exists C G Fb(B) \ {^4} such that B n 
F(A) n r(C) = {ui,u 2 }. Since r = 4, there exist distinct D,F E T B (B) \ {A,C} such that 

G B n r(D) n T(F). Since A = 2, either 5 n T(A) n r(D) or B n r(A) n T(F) is equal to 
{fijfs}; say, B n r(.A) fl r(-D) = {^1,^3}. Since Tg is (G, 2)-arc transitive, there exists g G G 
such that (^4,i?,G) 3 = (A,B,D). Hence {«i,«2} 9 = { v i, v 3}- However, g G Ga,b induces an 
automorphism of T[A, B\. On the other hand, the distances from v\ to v 2 and v% in V[A, B] are 
2 and 4, respectively, and this is contradiction. 

So far we have proved that T[A, B] ^ 2 • G 4 ,Gs. Since fe = 4 and r[_B,C] is Gs^-edge 
transitive, we must have T[B,C] = 4 • K 2 ,K iA - 4 • K 2 or K 4j4 . Suppose T[B,G] = 4 • K 2 . 
Then for a G B the action of G Q on T(a) and r,g(a) are permutationally equivalent. Note 
that F B (a) is a block of £>*(£) ^ Since G| ^ G^ e(B) ^ PSL(2, 7) ^ Aut(X>*(B)), the 

setwise stabilizer of Tg(a) in G^ 8 ^ is isomorphic to S4 and hence is 2-transitive on Tq(o) as 
|rg(a)| = 4. One can verify that this stabilizer is equal to G a . Thus G a is 2-transitive on V 13(a) 
and so 2-transitive on T(a). In other words, V is (G, 2)-arc transitive when T[B, C] = 4 • _fr 2 . In 
the case where T[B, C] = — 4 • K 2 or 1^4,4, since Tg is connected and T>(B) = PG(2, 2), one 
can easily see that T is connected of valency 12 or 16 respectively. 
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Case (e): Since (v, 6, r, A) = (6, 4, 2, 1), V*{B) is the 2-(4, 2, 1) design, that is, the complete 
graph on four vertices. This case coincides with the case (v, k) = (6, 3) in [81 Theorem 4.1(b)] and 
we have G B S = A4 or S4 since Gb is 2-transitive on Y&(B) of degree 4. Since (A,r) = (1,2), 
by |12| Theorem 4.3] we have V = ^(rg, A) for some self-paired G-orbit A on 3-arcs of Tg. 
Moreover, by [12|. Theorem 4.3] again, for any connected 4-valent (G, 2)-arc transitive graph X 
and any self-paired G-orbit A on 3-arcs of X, V = ^(X, A) is a G-symmetric graph admitting 
B2 = {B2(cr) : o~ € ^(X)} as a G-invariant partition such that Tq 2 = X and the corresponding 
parameters are (v, 6, r, A) = (6, 4, 2, 1) and k = v — 3 = 3, where -62(c) is the set of 2-paths of X 
with middle vertex a. Since X is (G, 2)-arc transitive with even valency, by |10l Remark 4(c)] 
such a A exists and hence X can occur as Tg in (e). 

Sufficiency We now prove that each of (a)-(e) implies that Tg is (G, 2)-arc transitive. Since 
by Lemma [2] the multiplicity m of T>{B) is a common divisor of b and r, in cases (a)-(d) we 
have m = 1. In case (e), since 6 = 4 and A > 1, we have m = 1 as well. 

In case (a), the actions of Gb on B and rg(-B) are permutationally equivalent because of 
the specific values of the parameters. Since G B = A4 or S4, Gb is 2-transitive on r,g(B) and 
therefore Tg is (G, 2)-arc transitive. 

In case (b), since Tg is a cycle and is G-symmetric, it must be (G, 2)-arc transitive. 

In case (c), since (v,b,r,X) = (7,7,4,2), V{B) PG(2,2). Since G| ^ PSL(3,2) and the 
actions of PSL(3, 2) on the set of points and the set of lines of PG(2, 2) are permutationally 
equivalent, we have G B B<yB ^ = PSL(3,2). Since PSL(3, 2) is 2-transitive on the set of lines of 
PG(2,2), Gb is 2-transitive on Tq(B) and so Tg is (G, 2)-arc transitive. 

As shown in Remark QJ2), in case (d), Tg is (G, 2)-arc transitive. 

In case (e), since G B B<yB ^ = or S4 and 6 = 4, Gb is 2-transitive on Tg(i?) and so Tg is 
(G, 2)-arc transitive. □ 

The following result about the case p = 5 is largely a corollary of Theorem [1] (and Remark 
[1^2)). So we omit its proof. 

Corollary 4 Let T be a G-symmetric graph with V(T) admitting a nontrivial G-invariant par- 
tition B such that k = v — 5 > 1 and Tg is connected of valency 6 > 2, where G < Aut(r). Then 
Tg is (G,2)-arc transitive if and only if one of the following holds: 

(a) (v, 6, r, A) = (6, 6, 1,0) and G| G b b(B) A G or S 6 ; 

(b) K6,r,A) = (10,2,1,0), Tg^G n and G/G {B) < D 2n , where n = |F(r)|/10; 

(c) (v,b,r,X) = (21,21,16,12), V*(B) ^ PG(2,4), G| ^ G b b[B) is isomorphic to a 2- 
transitive subgroup o/PrL(3, 4), and G is faithful on B; 

(d) (v,b,r,X) = (11,11,6,3), T>*(B) is isomorphic to the unique 2-(ll,5,2) design and G B = 
g Tb(b) ^ PSL (2 5 H) ; 

(e) (v, 6, r, A) = (5a, a, a — 1,5a — 10) for some integer a > 3; 

(f) either (1) (v,b,r,X) = (10,6,3,2), T>*{B) is isomorphic to the unique 2-(6, 3, 2) design, 
and G b b[B) =■ Sp 4 (2) or PSL(2,5); or (2) (v,b,r,X) = (15,6,4,6), V*(B) is isomorphic 
to the complementary design of Kq and G B B ^ = Aq; or (3) (v,b,r,X) = (20,16,12,11), 
T>*(B) = AG(2,4) and G B B ^ is isomorphic to a 2-transitive subgroup o/ArL(2,4). 
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As in Theorem [TJ in (a) above we have T = (|V(r)|/2) • K2 and every connected 6-valent 
2-arc transitive graph can occur as in (a). In (b), since r[i?,C] is G^c-edge transitive, we 
have r = 5n ■ K2, n ■ Cm, n ■ (^5,5 — C10), n ■ (-^5,5 — 5 • K2) or n ■ K^^. In (e) above, the same 
statements as in case (e) of Theorem [T] hold with p = 5. The three cases in (f ) arise because 
(a, s) = (2, 1), (3, 1), (4, 3) are the only pairs satisfying the conditions in (f) of Theorem [TJ In 
(2) of (f), G T g^ cannot be PGL(2, 5) since the latter has no transitive action of degree 15. 
Similarly, in (1) of (f), G F b b{B) ^ PGL(2,5) because the 2-(6,3,2) design has 10 blocks of size 
3 and PGL(2, 5) is (sharply) 3-transitive of degree 6. The result in (3) of (f ) follows because 
V*{B) is a 2-(16,4, 1) design in this case and AG (4, 2) is the unique 2-(16,4, 1) design [JJ Section 
1.3]. ' 
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